Network Utility Optimization
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Outline

» Convex Optimization (SY 2.1)
» Network Utility Maximization (SY 2.2)
= Utility Functions and Fairness (SY 2.2.1)



Convex Sets

" ConvexSetS S R": if x€eSandy €S,
thenax + (1 —a)y € Sfora € [0,1]
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Convex and Concave Functions

= Convex function f(x): S - R: S € R™is a convex set and for any x,y € S and
a €[0,1]: flax+(1-a)y) < af(x) +(1—a)f ()
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= A function f(x): S = R is concave if —f is convex



Convex Functions: First-Order Condition

» Let f(x): S — R be differentiable and S € R™ be convex. f is convex
if and only if

f@z2fO+Vf(x)y—-x), Vxy€S




Unconstrained Convex Optimization

12 f ()

Fact: If f is concave and differentiable and S is convex, then x™ is a

maximizer if and only if Vf (x*)(x —x*) < O forx € S.



Network Utility Maximization

= L: set of links, §: set of sources (users)
= Each source has a fixed route (a collection of links)

» U, (x,): utility of source r when transmitting at rate x,
* non-decreasing: U, (x) = U, (y)if x>y

e concave: Up(ax + (1 —a)y) = aU,(x) + (1 — a)U,(y)



Network Utility Maximization

» Network Utility Maximization (NUM)

rr}CaX ZrES U, (xr)
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S.t. ZT:IET X«rSCl; VIEL’ x €D

x, = 0, Vres.



Example \
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AR VAR VAR

maleogxr S.t. xo+x; <1, vi=1,..,L,
X, = 0, vr=290,..,L.

Lagrangian multipliers = 0

Lagrangian: L(x, p) = Xkoo log %, — Tkey pi(xo + X, — 1)

KKT conditions: x is a global maximizer iff there exists p such that

Pr

(2) p;(xg + x; — 1) = 0 for each L. |:> p, = ﬂ vix>1

JoL 1
= 0 for each r; II> xo—— Xp=—,Vr=1

Xo = 7717

L+1



Utility Functions and Fairness

= A utility function can be interpreted as

* an inherent utility associate with each user

* imposing a notion of fair resource allocation

" Proportional fairness

Xy—Xr : :
——— < 0 for any feasible allocation x

X,

An allocation x™ is proportional fair if },.cg

& x” is the optimal solution to max Y.reslog x,- (from the optimality condition)
X



Utility Functions and Fairness

= Max-min fairness: an allocation x™ is max-min fair if for any feasible x, if x; > xz,
thereisu suchthat x, < x;, < x

= min x, = minXx,

r r
xl—a
= a-fairness: x™ is the optimal solution to max Yres Ur(xy) where Uy (x,) = f_a for
somea > 0
. _ .oxET%—1
e « > 1 = proportional fairness (because CIZI_T)I} T—a log x;- )

* @ — 00 = max-min fairness



