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Abstract

We introducea naturalvariantof the (metric uncapacitateds-medianproblemthatwe call the on-
line medianproblem. Whereaghe k-medianprobleminvolvesoptimizing the simultaneougplacement
of k facilities,the online medianproblemimposeghe following additionalconstraintsthefacilitiesare
placedoneat atime; afacility, onceplaced,cannotbe moved;thetotal numberof facilitiesto be placed,
k, is not known in advance. The objective of an online medianalgorithmis to minimize competitve
ratio, thatis, the worst-caseatio of the costof anonline placemento thatof an optimal offline place-
ment. Our mainresultis alineartime constant-competitie algorithmfor the onlinemedianproblem.In
addition,we presenta related,thoughsubstantiallysimpler, lineartime constant-&ctorapproximation
algorithmfor the (metricuncapacitatediacility locationproblem.Thelatteralgorithmis similarin spirit
to therecentprimal-dual-baseéacility locationalgorithmof JainandVazirani,but our approachs more
elementanandyieldsanimprovedrunningtime.
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1 Intr oduction

Recentlythe first constant-dctor approximationalgorithm was discoveredfor the k-medianproblemby
Charikaretal. [3]; in this paper we askwhethera constanttompetitve ratio canbe achieved for a natural
onlineextensionof thek-medianproblem.Let U beanonemptysetof n pointsandlet d beametricdistance
functionon U. The k-medianproblemis concernedvith markingk pointssuchthatthesumoverall points
x of the weight of x timesthe distancefrom x to the closestmarked point is minimized. For the online
medianproblem,we wish to find anorderingof then pointssuchthatfor all z, 0 < 7 < n, thefirst i points
provide a“good” solution(e.g. constanfactorapproximation}o the ;-medianproblem.

An obviousapproacho the online medianproblemis to iteratvely choosehe point thatminimizesthe
objective function. Greedystratgiesof thiskind arecommonlyappliedin thedesignof onlinealgorithmd1,
9]. It turnsout, however, thatfor the online medianproblem,the simple stratgy suggestedbaore hasan
unboundedompetitive ratio. We shav thata modificationof this stratey thatwe call hierarchically greedy
canbe usedto obtain a constant-competite lineartime algorithm for the online medianproblem. We
developthis stratgy by first consideringa simplegreedyalgorithmfor facility location.

1.1 Problem Definitions

Without loss of generality throughoutthis paperwe considera fixed setof pointsU with an associated
distancefunctiond : U x U — IR andnonn@atie functionsf,w : U — IR. We areprimarily interested
in the casewherethefunctiond is ametric,thatis, whered is nonngative, symmetric satisfieghetriangle
inequality andd(z, y) = 0 iff z = y. Fortheonlinemedianproblem,it will prove to beusefulto considera
slightly moregeneraklassof distancefunctionsin which the triangleinequalityis relaxed to the following
“X-approximate’triangleinequality whereA > 1: For ary sequencef pointszy, ..., zg in U, d(zg, zg) <
A Do<ice d(zs, ziy1). Wereferto sucha distancefunctionasa A-apprakimate metric. We letn = |U],
anddefinea subsebf U to be a configuration iff it is nonempty For ary point z andconfigurationX, we
defined(z, X') asminyc x d(z,y).

We considerthree computationabroblems: k-median,online median,and facility location. For the
k-medianand online medianproblems,the cost of a configuration,denotedcost(X), is definedto be
Y zev d(z, X) - w(z). Theinputto the k-medianproblemis (U, d), w, andanintegerk, 0 < k < n.
Theoutputis aminimum-costconfigurationof sizek. Theinputto the online medianproblemis (U, d) and
w. Theoutputis atotal orderon U. We definethe competitve ratio of suchanorderingasthe maximum
overall k, 0 < k < n, of theratio of the costof the configurationgiven by thefirst £ pointsin the ordering
to thatof anoptimal k-medianconfiguration We definethe competitiwe ratio of anonlinemedianalgorithm
asthesupremumover all possiblechoicesof theinputinstanceg U, d) andw, of thecompetitve ratio of the
orderingproducedy thealgorithm.

For thefacility locationproblem,the costof a configurationdenotedcost(X), is definedasthe sumof
Yeex f(z) andy oy d(z, X) - w(z). Theinputto thefacility locationproblemis (U, d), f, andw. The
outputis aminimum-costonfiguration.

1.2 Previous Work

Therehasbeenmuchprior work onthefacility locationandk-medianproblemsherewe focuson thework
thatis mostrelevantto our results.Thefirst constantdctorapproximatioralgorithmfor facility locationis
dueto Shmas etal. [17] andis basedn roundingthe (fractional)solutionto alinearprogram.Chudak{4]
givesanLP-based1+ 2/e)-approximatioralgorithmfor facility location. This wasthebestconstanfactor
known until the recentwork of Charikarand Guha[2], which establishes slightly lower approximation
ratio of 1.728. The first constant-dctor approximationfor the k-medianproblemwas recentlygiven by



Charikaret al. [3] andis alsoLP-based.That work follows a sequencef bicriteria resultsutilizing LP-
basedechniquegl4, 15]. JainandVazirani[10] give thefirst nearlylineartime combinatorialalgorithms
for the facility locationand k-medianproblems,achieving approximationratiosof 3 and 6, respecirely.
While the latter algorithmsare combinatorial the primal-dualapproachusedin their analysisis basedon
linearprogrammingheory (See[6] for anexcellentintroductionto the primal-dualmethod.)

Stratgjiesbasedon local searchand greedytechniquedor facility locationandthe k-medianproblem
have beenpreviously studied. The work of Korupoluet al. [11] shavs thata simplelocal searchheuristic
proposedKuehnandHamhurger [13] yields both a constant-dctor approximationfor the facility location
problemanda bicriteria approximatiorfor the k-medianproblem[11]. GuhaandKhuller [7] shoved that
greedyimprovementcanbeusedasapostprocessingtepto improve theapproximatiorguaranteef certain
facility locationalgorithms. GuhaandKhuller also provide the bestlower boundknown of 1.463 on the
approximatiomratiofor this problem.Morerecently CharikarandGuha[2] achieredthebestapproximation
ratio known for facility locationby combininga local searchheuristicwith the bestLP-basedalgorithm
known. Charikarand Guhaalso give a 4-approximationfor the k-medianproblem by building on the
technique®f JainandVazirani[10].

To the bestof our knowvledge,the online medianproblemhasnot beenpreviously studied. Note that
ary constant-competite algorithmfor the online medianproblemis alsoa constant-dictor approximation
algorithmfor the k-medianproblem,but the corversedoesnot hold. In particular constant-dctorapproxi-
mationalgorithmsfor the k-medianproblemknown prior to thiswork [2, 3, 10] seento rely heasily onthe
knowledgeof k. As suchit is unclearwhetherary of thesealgorithmscanbe easilymodifiedto obtaina
constant-competite online medianalgorithm.

1.3 Contributions

Algorithms for problemsin discretelocationtheory arisein mary practicalapplications;see[5, 16], for
example for numerougointersto theliterature.Giventhatmary of theseproblemsareNP-hard,t is desir
ableto developfastapproximatioralgorithms.As mentionedabore, it is notuncommorfor approximation
algorithmsto be basedon a greedyapproach. In this paper we shav that greedystratgjies yield a fast
constant-dctor approximationalgorithmfor the facility location problemand a fast constant-competite
algorithmfor the online medianproblem.

We give alineartime algorithmfor thefacility locationproblemthatachievesanapproximatiorratio of
3. Themainideaof thealgorithmis to computeandusethe“value” of ballsaboutevery pointin the metric
space.In retrospectthe ideaof valueis implicit in the work of JainandVazirani[10]. We male thisidea
explicit andusethe valuesof ballsto make greedychoices. Additionally, our algorithmis fasterthanthe
Jain-\aziranialgorithmby alogarithmicfactor

While a simplegreedyalgorithmyields a constantdictorapproximatiorboundfor the facility location
problem,it appearshata moresophisticatedpproactis neededo obtaina constant-dctorapproximation
guarantedor the k-medianproblem let alonea constant-competitenes resultfor theonlinemedianprob-
lem. For example,in Section3 we shav that perhapghe mostnaturalgreedyapproactto the k-median
(resp.,onlinemedian)problemleadsto anunboundedpproximationresp.,competitve) ratio.

Our mainresultis a lineartime constantcompetitve algorithm for the online medianproblem. We
achieve this result using a “hierarchically greedy” approach. The basicidea behindthis approachis as
follows: Ratherthanselectinga point basedon a singlegreedycriterion, we greedilychoosea region (the
setof pointslying within someball) andthenrecursvely selecta point within thatregion. Thus,the choice
of pointis influencedby a sequencef greedycriteriaaddressinguccesskely finer levels of granularity



1.4 Outline

Therestof this paperis organizedasfollows. In Section2, we presenbur facility locationalgorithmand
prove thatit achievesa constanapproximatiorratio. In Section3, we presenbur online medianalgorithm
andprove thatit is constant-competite. Section4 offerssomeconcludingremarks.

2 Facility Location

Thefollowing definitionsareusedthroughouthe presensectionaswell asSection3.
e For ary nonngative integer/, let [¢] denotetheset{: | 0 < i < £}.

e A ball Aisapair(z,r), wherethecenterx of A, denotedcenter(A), belongsto U, andtheradiusr
of A, denotedradius(A), is anonngatve real.

e Givenaball A = (z,r), we let Points(A) denotetheset{y € U | d(z,y) < r}. However, for
the sale of brevity, we tendto write A insteadof Points(A). For example,we write “z € A” and
“A U B” insteadof “x € Points(A)” and"“ Points(A) U Points(B)", respeciiely.

e Thevalueof aball A = (z,r), denotedvalue(A), is 3, 4(r — d(z,y)) - w(y).

Forary ball A = (z,r) andary nonngatve realc, we definecA astheball (z, cr).

2.1 Algorithm

In the first stepof the following algorithm, we assumefor the sale of corveniencethat thereis at least
onepoint z suchthatw(z) > 0. (The problemis trivial otherwise.) The outputof the algorithmis the
configurationZ,,, which we alsoreferto asZ. Remark: The indexing of the setsZ; hasbeenintroduced
solelyto facilitatethe analysis.

¢ For eachpointz, determineanassociatethall A, = (z,r;) suchthatvalue(A;) = f(z).
e Determineabijectiony : [n] — U suchthatr,;_1) < ), 0 <i < n.

e Let B; = (z;,;) denotetheball A,;), 0 <i < n.LetZy = 0.

e Fori =0ton —1: If Z; N 2B; = 0 thenlet Z; 1 = Z; U {z;}; otherwiselet Z; 1 = Z;.

We now sketch a simple lineartime implementationof the above algorithm. For eachpoint z, the
associatedadiusr, canbe computedin O(n) time. (This is essentiallya weightedselectionproblem.)
Thusthefirst steprequiresO(n?) time. The secondstepinvolvessortingn valuesandcanbeaccomplished
in O(nlogn) time. Therunningtime for thethird stepis negligible. Eachiterationof thefourth stepcanbe
easilyimplementedn O(n) time, for atotal of O(n?) time.

2.2 Approximation Ratio

In this sectionwe establisithe following theorem.
Theorem 1 For anyconfiguation X, cost(Z) < 3 - cost(X).

Proof: Immediatefrom Lemmas2.3and2.7 below. ]



Lemma 2.1 For anypointz;, there existsa pointz; in Z sudthatj < i andd(z;, ;) < 2r;.

Proof. If thereis nosuchpointz; with j < i, thenZ; N 2B; is empty andsox; belongsto Z. [

Lemma 2.2 Letz; andz; bedistinctpointsin Z. Thend(z;, z;) > 2 - max{r;,r;}.

Proof: Assumewithoutlossof generalitythatj < i. Thusr; > r;. Furthermored(z;, z;) > 2r; sincex;
belongsto Z; andZ; N 2B; is empty |
For ary pointz andary configurationX, let

charge(z, X) = d(z,X)+ Z max{0,r; — d(z;,x)}.

z,€X
Lemma 2.3 For anyconfiguation X, -, . charge(z, X) - w(z) = cost(X).

Proof: Notethat

Z charge(z, X) -w(z) = Z Z —d(z,x)) - w(z) + Z d(z, X) - w(z)

zeU z;€X z€B; zeU
= Zvalue -I-Zd:cX w(z),
i €X zeU
whichis equalto cost(X) sincevalue(B;) = f(z;). ]

Lemma 2.4 Letz bea point, let X bea configuation, andlet z; belongto X. If d(z, z;) = d(z, X) then
charge(z, X) > max{r;, d(z, z;)}.

Proof: If z doesnot belongto B;, then charge(z, X) > d(z,x;) > r;. Otherwise,charge(z,X) >
(ri —d(z, z;)) + d(z,z;) = r; > d(z, z;).

Lemma 2.5 Letz bea pointandlet z; belongto Z. If z belongsto B;, thencharge(z, Z) < ;.

Proof: By Lemmaz2.2,thereis no pointz; in Z suchthat: # j andz belongsto B;. The claim now
follows from thedefinitionof charge(z, Z), sinced(z, Z) < d(z, ;). ]

Lemma 2.6 Let z be a point and let z; belongto Z. If  doesnot belongto B;, then charge(z, Z) <
d(z, z;).

Proof: Theclaimis immediateunlessthereis a pointz; in Z suchthatz belongsto B;. If sucha point
z; exists,thenLemmas2.2and2.5imply d(z;, z;) > 2 - max{r;, r;} andcharge(z, Z) < r;, respecirely.
Theclaimnow follows sinced(z, ;) > d(z;, z;) — d(z, z;) > 2r; —r; = 7j. ]

Lemma 2.7 For anypointz andconfiguation X, charge(z, Z) < 3 - charge(z, X).

Proof: Letx; besomepointin X suchthatd(z, z;) = d(z, X). By Lemma2.1,thereexistsa pointz; in
Z suchthatj < i andd(z;, z;) < 27;.

If = belongsto By, then charge(x, Z) < r; by Lemma2.5. The claim follows since;j < ¢ implies
r; < r; andLemma2.4implies charge(z, X) > r;.

If  doesnot belongto Bj, then charge(x, Z) < d(z,z;) by Lemma2.6. Thus charge(z,Z) <
d(z,z;) +d(z;, z;) < d(z, z;)+2r;. Theclaimnow follows by Lemmaz2.4,sincetheratio of d(z, ;) +2r;
to max{r;, d(z, z;)} is atmost3. ]



3 Online Median Placement

In the previous section,we found that a simple greedyalgorithmyields interestingresultsfor the facility
locationproblem. Ideally, we would like to formulatea similar algorithmfor the online medianproblem.
The mostobvious greedyalgorithmis to selectasthe next pointin the orderingthe onethatminimizesthe
objectie function. Unfortunately this algorithm gives an unboundedcompetitie (resp.,approximation)
ratio for the online median(resp. k-median)problem.To seethis, consideraninstanceconsistingof n > 3
points, one “red” andthe rest“blue”, suchthat the following conditionsare satisfied: the red point has
weight0; eachblue point hasweight 1; the distancefrom thered point to ary blue pointis 1; the distance
betweenary pair of distinct blue pointsis 2. The aforementioned@reedyalgorithmchooseghe red point
firstin the ordering,sincethatgivesa costof n — 1 while choosingary otherpoint givesa costof 2n — 4.
But thentheratio for a configurationof sizen — 1 is unboundedincethe greedycostis 1 andthe optimal
costis 0. (This examplealsoshawvs thatno online medianalgorithmcanachieze a competitve ratio belov
2—-2_)

V7</elsh0/v thata more carefulchoiceof the point, which we call hierarchicallygreedy workswell. Let
A (resp.,d) denotethe largest(resp.,smallest)distancebetweentwo distinct pointsin the metric space.
We definea certainball abouteachpoint, andselecta ball A of maximumvalue. But ratherthansimply
choosingthe centerof ball A asthe next pointin the ordering,we applythe approactrecursvely to select
apointwithin A. At eachsuccessie level of recursionwe considergeometricallysmallerballs aboutthe
remainingcandidatepoints. Within O(log %) levelsof recursionwe arrive ata ball containingonly a single
point, and we returnthis point asthe next onein the ordering. Note that whereashe greedyalgorithm
discussedh the previousparagraphmalkesa singlegreedychoiceto selecta point, thehierarchicallygreedy
algorithmmakesO(log %) greedychoicesperpoint.

Throughouthis sectionet A, a, 8, andy denoterealnumberssatisfyingthe following inequalities.

A > 1 (1)
a > 1+ (2)
AMa—1)
P2 aoiox )
2
- (Lfff‘ﬁm)A @)

The online medianalgorithmof Section3.1 belov makes useof the following additionaldefinitions.
A child of aball (z,r) is ary ball (y, Z) whered(z,y) < @r. For ary pointz, let isolated(x, () denote
the ball (z, maxycy d(z,y)). For ary point z and configurationX, let isolated(x, X) denotethe ball
(z,d(z,X)/v). For ary nonemptysequence, we let head(p) (resp.,tail(p)) denotethefirst (resp. last)
elementof o.
3.1 Algorithm

Let Zy = 0. Fori = 0 ton — 1, executethefollowing steps:

¢ Leto; denotethesingletonsequencé¢A) where A is amaximumvalueballin {isolated(z, Z;) | z €
U\ Z;}.

¢ While theball tail(o;) hasmorethanonechild, appenda maximumvaluechild of tail(o;) to o;.

o LetZ; .1 = Z; U {center(tail(o;))}.



The outputof theonline medianalgorithmis a collectionof pointsetsZ; suchthat|Z;| =¢,0 < i < n,
andZ; C Z; 11,0 < i < n. Notethatit is sufiicientfor animplementatiorof the algorithmto maintainthe
ball tail(c;), asopposedo theentiresequence;. Thesequence; hasbeenintroducedn orderto facilitate
theanalysis.

We discusdwo implementationsf theonlinemedianalgorithmin Section3.4. Thefirstimplementation
hasa slightly superlinearunningtime. The secondimplementationrunsin linear time, but assumesa
(linear) preprocessinghasein which all distancesare roundeddown to the nearestntegral power of A.
(Notethatfor the preprocessinghaseo bewell-defined we requireX > 1.) If theinput distancefunction
is ametric, it is straightforvard to seethatsuchroundingproducesa A-approximatemnetric.

3.2 Competitive Ratio

Beforeproceedingvith the analysiswe introducea numberof additionaldefinitions.

¢ Letz; denotetheuniquepointin Z; 1 \ Z;,0 <i < n.
e Forary configurationX andsetof pointsY’, let cost(X,Y) = 3, cy d(y, X) - w(y).

e For ary configurationX, we partition U into | X| sets{cell(z,X) | z € X} asfollows: For each
pointy in U, we choosea pointz in X suchthatd(y, X) = d(z, y) andaddy to cell(z, X).

e For ary configurationX, pointz in X, andsetof pointsY, we definein(z, X,Y") ascell(z, X) N
isolated(z,Y) andout(z, X,Y) ascell(z, X) \ in(z, X,Y).

¢ Forary configurationX andsetof pointsY', wedefinein(X,Y') asUzc xin(z, X,Y) andout(X,Y)
asU \ in(X,Y).

In this sectionwe presenbur mainresult,Theorem2 below. In orderto minimize the competitve ratio
of 2\(y + 1) implied by the theoremwe set to 1, seta to approximately3.455 andset3 and+ to the
right-handsidesof Equationq3) and(4), respectiely. We therebyestablisha competitie ratio of slightly
belav 40 for the online medianproblem. In Section3.4 we describea lineartime implementatiorof the
onlinemedianalgorithmfor which the parametel is requiredto be strictly greaterthan1. Thedegradation
in the competitve ratio thatresultsby setting\ greaterthan1 canbe madearbitrarily smallby choosing\
sufficiently closeto 1.

Theorem2 For anyconfiguation X, cost(Zx|) < 2A(y + 1) - cost(X).

Proof: LetY = in(X, Zx|) andletY’' = out(X, Z x|) = U\ Y. Notethat cost(X) = cost(X,Y) +
cost(X,Y") andcost(Z x|) = cost(Z x|, Y )+ cost(Z x|, Y'). Thusthetheorenfollowsimmediatelyfrom
Lemmas3.2,3.4,and3.5below. [

Lemma 3.1 For any configuation X, pointz in X, andpointy in out(z, X, Z|x|), d(y, Z x|) < A(y +

Proof: Letisolated(z, Z|x|) = (z,r). Notethatd(z,y) > r. Also, by thedefinitionof isolated(z, Z x),
thereis apointz in Z x| suchthatd(z, z) = yr. Henced(y, z) < Ad(z,y) +d(z, z)] = Ald(z,y) +r] <
Ald(z,y)+v-d(z,y)] = M(y+1)-d(z,y) = A(y+1)-d(y, X). Theclaimfollowssinced(y, z) > d(y, Z x| )-

]



Lemma 3.2 For anyconfiguation X,
cos(Z x|, out(X, Zx|)) < My +1)-cost(X,out(X, Zx)))-
Proof: Summingtheinequalityof Lemmag3.1overall y in out(z, X, Z x| ), we obtain
costZ x|, out(z, X, Z x)) < My+1)-cost(X,out(z, X, Zx))-

Theclaim now follows by summingthe abore inequalityoverall z in X. [

Lemma 3.3 For anyconfiguation X andpointz in X,
cos(Z x|, in(z, X, Z x|)) < A(y+1)[cost(X,in(z,X, Z x|)) + value(isolated(z, Z x)))-

Proof: Assumethatisolated(z, Z x|) = (z,r). Notethatd(z, y) = yr for somey in Z x|. Thus,forary z
in isolated(z, Z|x|), d(y, z) < A[d(y, z) +d(z,2)] < A(y+1)r. It followsthatcost(Z x|, in(z, X, Z|x|))
is atmostA(y + 1) times

Y orw@ < Y d@a)w@r Y (r—de2) w()

z€in(z,X,Z x|) z€in(z,X,Z x|) z€isolated(z,Z|x|)
= costX,in(z, X, Z|x|)) + value(isolated(z, Z x))-

]
Lemma 3.4 For anyconfiguation X andpointz in X,
cos(Z x|, in(X, Zx))) < Ay+1)[cost(X,in(X,Zx))+ Z value(isolated (x, Z| x|))]-
zeX
Proof: Theclaimfollows by summingtheinequalityof Lemma3.3overall z in X. |

Our maintechnicallemmais statedbelon. Theproofis givenin thenext subsection.

Lemma 3.5 For anyconfiguation X, 3°,, . x value(isolated(z, Z|x|)) < cost(X).

3.3 Proofof Lemma 3.5

In this sectionwe establishour maintechnicallemma,Lemma3.5.
Lemma 3.6 Let A = (z,r) belongto o;. Thend(z, Z;) > ~vr.

Proof: Letz beapointin Z; suchthatd(z, z) = d(z, Z;). If A = head(o;) thenA = isolated(z, Z;) and
theresultisimmediate Otherwise)et B = (y, s) denotethepredecessasf A in o; andassumenductively
thatd(y, Z;) > vs. Notethatd(z,y) < Bs ands = ar. Thusd(z, Z;) = d(z, z) > d(y, z)/A — d(z,y) >
(v/X — B)ar > yr, wherethelaststepfollows from Equation(4). [

Lemma3.7 LetA = (z,r) belongto o; andlet B = (y, s) belongto g;. If i < j andd(z,y) < r+ s, then
thefollowing claimshold: (i) radius(head(o;)) < Z; (i) A # tail(o;); (iii) thesuccessoof 4 in o3, call
it C, satisfiesvalue(C) > value(head(o;)).



Proof: Lethead(o;) = (v, s'). For part(i), we know thatd(y’, z;) > s’ by Lemma3.6. Also, we have
dy',z) < Ad(,y) +d(y, @) +d(z, 2)]

< )\[ﬁ<5'+%’+---+as)+s+r+ﬁ<r+§+...>]

IN

[ aﬁl -(r—l—s')+7‘] A

a J—
Combiningthetwo inequalitiesandapplyingEquation(4), we obtain

(M—Fa) As' < [ aﬁl-(r—lrs')—i-r])\.

a—1 o —

o?B+o’—a

Multiplying throughby (o — 1) /X andrearrangingye getr > afta T -s' = as’, establishingheclaim.
For part (i), notethatd(z,y) < r + £ < Br by part (i) andEquation(3). Thus A hasat leasttwo
children;theclaimfollows.
For part(iii), we useEquationg2) and(3) andpart(i) to obsere that

d(z,y') < Xd(z,y) +d(y,y')]
)\[r—l—s—l— (as—l—a%—l—---—l—s')ﬁ]
aBx

S
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whichis atmostgr by Equation(3). It followsthathead (o) is containedn achild of A. Thusvalue(C') >
value(head(o;)). [

For easeof notation,throughoutheremaindeiof this sectionwe fix a configurationX, andlet & denote
| X'|. We now describeapruning procedurethattakesasinputthe k sequences;, 0 < i < k, andproduces
asoutputk sequences;, 0 < i < k. Thesequence; is initializedto o;, 0 < i < k. The(nondeterministic)
pruningprocedurghenperformsanumberof iterations.In ageneralteration,thepruningprocedurehecks
whetherthereexist two balls A = (z,r) andB = (y, s) in distinctsequences; andr;, respeciiely, such
thati < j andd(z,y) < r + s. If not, the pruningprocedurgerminateslf so,thesequence; is redefined
asthe propersufix of (the current)r; beginning at the successoof A. Note that part (i) of Lemma3.7
ensureghatthe pruningprocedurds well-defined. Furthermorethe procedurdas guaranteedo terminate
sinceeachiterationreduceghelengthof somesequence;.

Lemma 3.8 Let A = (z,r) belongto 7; andlet B = (y, s) belongto ;. If ¢ < j thend(z,y) > r + s.

Proof: Immediatefrom the definition of the pruningprocedure. [

Lemma 3.9 Ead sequence; is nonempty

Proof: Immediatefrom part(ii) of Lemma3.7 andthe definitionof the pruningprocedure. [



Lemma 3.10 Letx bea pointandassuméhat0 < i < j < n. Then
value(isolated (x, Z;)) > value(isolated (x, Z;)).

Proof: SinceZ; C Zj, radius(isolated(x, Z;)) > radius(isolated(x, Z;)). Theclaimfollows. [

Lemma 3.11 Letz bea pointandassumehat0 < i < k. Then
value(head(o;)) > value(isolated(x, Zy)).

Proof: If = belongsto Z;, then radius(isolated(x, Z;)) = 0, S0 value(isolated(x, Z;)) = 0 andthere
is nothingto prove. Otherwise,value(head(o;)) > walue(isolated (z, Z;)) by the definition of the online
medianalgorithm,andthe claim follows by Lemma3.10. [

Lemma 3.12 Letz bea pointandassumehat0 < i < k. Then
value(head(1;)) > value(isolated(x, Zy)).

Proof: We prove thatthe claim holdsbeforeandafter eachiteration of the pruning procedure.Initially,
7; = o; andtheclaimholdsby Lemma3.11.If theclaim holdsbeforeaniterationof the pruningprocedure,
thenit holdsaftertheiterationby part(iii) of Lemma3.7. [

A ball A = (z,r) is definedto be coverediff d(z, X) < r. A ballis uncoverediff it is notcovered.
Lemma 3.13 For anyuncoveredball A = (z,7), cost(X, A) > value(A).

Proof: Notethatcost(X, A) > 3, c 4 d(y, X) - w(y) > X yecalr —d(y,z)) - w(y) = value(A). ]

Let I denotethe setof all indices: in [k] suchthat someball in 7; is covered. We now constructa
matchingbetweerthe sets[k] and X asfollows. First, for each: in I, we match: with apointz in X that
belongsto the last coveredball in the sequence;. (Notethatsucha point z is guaranteedo exist by the
definitionof I. Furthermorel.emma3.8 ensureghatwe do not matchthe samepoint with morethanone
index.) Secondfor eachi in [k] \ I in turn, we match: with anarbitraryunmatchegointz in X.

We now constructa functiony mappingeachpointz in X to anuncoveredball. For eachz in X thatis
matchedwith anindex ¢ in [k] \ I, we setp(z) to head(T;). For eachz in X thatis matchedwith anindex
iin I, we sety(z) to thesuccessoof thelastcoveredball in 7; unlesstail(r;) is covered,in which casewe
sety(x) totheball (z,0).

Lemma 3.14 For anypair of distinctpointsz andy in X, ¢(z) N ¢(y) = 0.

Proof: Immediatefrom Lemma3.8andthefactthattheball (z,0) is containedn tail(r;). ]

Lemma 3.15 For anypointz in X, value(y(x)) > value(isolated(x, Zy)).

Proof: If z is matchedwith anindex ¢ in [k] \ I, the claim follows by Lemma3.12. If z is matched
with anindex ¢ in I, we considertwo cases.If tail(7;) is covered,thenz = z; sincetail(r;) hasexactly
onechild. The claim follows sinceyp(z) = isolated(z, Z) = (z,0). If tail(r;) is uncovered,thenthe
predecessaf p(z) in 7;, callit A = (y,r), existsandcontainse. It follows thatvalue(p(z)) > value(B),
whereB = (z,r/a) is the child of A centeredatz. Let C = (z,s) denotethe ball isolated(z, Zy).



Below we completethe proof of the claim by shaving thatr/a > s, whichimpliesthat B O C andhence
value(B) > value(C).
It remaingto prove thatr /a > s in thefinal caseconsideredibore. We have

d(z,2) < Md(z,y)+d(y, )]
< Ar+m(r+§+---)

< (1+ aﬂ))\r,

a—1

whichis lessthanyr /a by Equation(4). Thedesirednequalityfollows sinced(z, z;) > «s by thedefinition
of C. [ ]

Lemmas3.13,3.14,and3.15togetheryield a proof of Lemma3.5.

3.4 Time Complexity

In this sectionwe describetwo implementationsof the online medianalgorithm given in Section3.1.
Throughouthis sectionJet £ denotethequantitylog %. Thefirstimplementatiorunsin O((n+£¢)-n logn)
time. Thesecondmplementationrunsin O(n? + £n) time andassumean O (n?)-time preprocessinghase
in which all distancesreroundeddown to the nearesintegral power of A. To analyzethe runningtime of
theimplementationgivenbelav, we make useof thefollowing lemma.

Lemma3.16 Let A = (z,r) bea child of aball B in sequence; andlet A’ = (z, ") bea child of a ball
B'in sequence;. If i < j thenr > (a + 1)7'.

Proof: First, notethatd(z,z;) < B(r+r/a+---) < afr/(a —1). By Lemma3.6,yr' < d(z, Z;) <
d(z, z;). CombiningtheseinequalitiesandusingEquation(4), we obtain

ro> (a_l)’)/_r/
af
a—1 oa?B+aB |,
aﬁ' a—1 T
= (a+1)r.

In thefirst implementationfor eachpoint z in U, we sortthe remainingpointsby their distancefrom
z. Thetotal sortingtime is O(n? log n). Usingthesesortedarrayswe cancomputethe valueof ary given
ballin O(log n) time. We alsomaintainthe distancefrom z to thenearespointin Z;. Notethatd(z, Z; 1)
canbedeterminedn constantime givend(z, Z;) andz;. Thetotal time to maintainsuchdistancess thus
O(n?). It follows thatthe first stepof eachiterationcanbe implementedn O(n) time. Thetotal time for
the secondstepis O(log n) timesthesumover all balls A appearingn somesequence;, 0 < ¢ < n, of the
numberof childrenof A. By Lemma3.16,it is straightforvard to seethatthelattersumis O(¢n), andthus
the total time for the secondstepis O(¢nlogn). Therunningtime of thethird stepis negligible. Thusthe
runningtime of thefirstimplementatioris O((n + £) - nlogn), asclaimedabove.

For thesecondmplementationnotethatafterthepreprocessinghasethereareO(¢) distinctdistances.
Thus,for eachpointz, O(n+¢) timeis sufficientto constructanO(¥¢)-sizedtablethatcanbeusedo compute
thevalueof ary ball (z,r) in O(1) time. It follows thatthe total time for the secondstepcanbeimproved
to O(¢n). Therunningtime of the secondmplementatioris thereforeO(n? + ¢n), which s linearin the
sizeof theinput (in bits).
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4 Concluding Remarks

We plan to investigatewhetherthe ideaspresentedabore can be appliedto other problems. The work
of Indyk [8] gives a techniqueto achie/e sublineartime boundsfor variouslocation problemsthrough
randomsamplingof the distancefunction; we would like to seeif applicationof thesetechniquego our
algorithmsyield sublineartime bounds.Korupoluet al. [12] give an algorithmandan efficient distributed
implementatiorfor hierarchicalcooperatie cachingin which the distancefunction is an ultrametric. We
would like to seeif the hierarchicalgreedystratgy canbe usedor extendedto solve the problemfor an
arbitrary metric space. It would also be interestingto seeif the hierarchicalgreedystratgy admitsan
efficient distributedimplementatiorfor this problem.

A nicefeatureof our online medianalgorithmis its simplicity. Althoughwe dealwith ahardermproblem,
the algorithmis actuallysimplerto specifythanexisting constantdctor approximationalgorithmsfor the
k-medianproblem. It would be interestingto seewhetherour approachcould be simplifiedto yield a fast
k-medianalgorithmachieving a smallapproximatiorratio.
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