The master method

The master method applies to recurrences of
the form

T(n)=aT(n/b) + f(n),

where ¢ > 1, b > 1, and f is asymptotically
positive.

Slides courtesy of Charles Leiserson with small changes by Carola Wenk
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Master theorem

T(n) = a T(n/b) + f(n)
CASE 1: f(n) € O(n'ogbe )
= T(n) € O(n'o)
CASE 2: f(n) € ©(n'o#)
= T(n) € O log n) .
CASE 3: f(n) € Q(n'°2 "¢y and a f(n/b) < cf(n)
for some c<1

= T(n) € O(f(n)) .

Merge sort: ac =2,b =2 = n'oei=np
= CASE2 = T(n) € O(nlogn).
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Three common cases

Compare /() with r'°2v;
1. f(n) € O(n'2< %) for some constant € > 0.

s /(n) grows polynomially slower than 7'°
(by an »¢ factor).

Solution: T(n) € O(n'o)

2. f(n) € O(n'ow?).
* f(n) and n'°2v* grow at similar rates.
Solution: T(n) € O(n'e log n) .
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Three common cases (cont.)

Compare /(n) with n'°2;
3. f(n) € Q(n'o2e ") for some constant € > 0.

* f(n) grows polynomially faster than »'°2¢ (by
an n° factor),

and f(n) satisfies the regularity condition that
af(n/b) < cf(n) for some constant ¢ < 1.

Solution: T(n) € O(f(n)) .
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Examples

Ex. T(n)=4T(n/2) + n
a=4,b=2= nl°t=p? f(n)=n.
CASE 1: f(n) € O(n*>~¢) fore = 1.
- T(n) € O(?).

Ex. T(n) =4T(n/2) + n?

a=4,b=2= n=p? f(n) = n’

CASE 2: f(n) € O(n?).
- T(n) € O(m*logn).
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Examples

Ex. T(n)=4T(n/2) + n?
a=4,b=2=>nlt=n2; f(n)=n.
CASE 3: f(n) € Q(n* %) fore =1
and 4(n/2)* < cn? (reg. cond.) for ¢ = 1/2.
- T(n) € O(1?).

Ex. T(n) =4T(n/2) + n*/logn

a=4,b=2= nlt=n2; f(n)=n*logn.
Master method does not apply.
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